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Abstract 

We consider the motion of a relativistic particle in an external field 
like the harmonic oscillator potential in the picture in which the ana- 
logue of Schrodinger operators of the particle are independent of both 
the time and the space coordinates. The spacetime independent oper- 
ators in the equations of states induce operators which are related to 
Killing vectors of the AdS space. We also consider the nonrelativistic 
limit. 
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1 Introduction 

In this paper we present a model of one-dimensional relativistic harmonic 
oscillator which is based on the expansions of the Lorentz group and a gen- 
eralized Schrodinger picture. The functions that realize the unitary repre- 
sentation of the one- dimensional Lorentz group (p=momentum, m=mass, 
Po ~ (^P^ = m?c^) have the form 

= e*"''"[(P«-'=P)/'"'='l, (1) 
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and are the eigenfunctions of the boost generator N{p) = ipodcp (N^a). 
The following expansion (Shapiro transformation) of the wave function of a 
particle in the momentum representation [p = ah/mc) 




(2) 



leads to the functions ipip) in the spacetime-independent p representation. In 
[1] , in the framework of a two-particle equation of the quasipotential type the 
variable p was interpreted as the relativistic generalization of a relative coor- 
dinate. Quasipotential models of a relativistic oscillator were first considered 



The p-representation may also be used in the generalized Schrodinger 
(GS) picture in which the analogue of Schrodinger operators of a particle 
are independent of both the time and the space coordinates t, x in different 
representations [13]. In the p-representation the motion of a free particle is 
described by the equations 

d d 
^^^V'Ip, t, x) = H{p)'ip{p, t, x), -zh—ipip, t, x) = P{p)ij{p, t, x), (3) 

where the Hamilton operator H{p) and the momentum operator P{p) have 
the form 



The operators H{p), P{p) and the generator of the Lorentz group N{p) 
{N{p) = p) satisfy the commutation relations of the Poincare algebra, 



In the recent paper [I4j, it was shown that in the GS picture the propagators 
with different p in the relativistic region and nonrelativistic limit may be 
used to describe the motion of extended objects like strings. The main aim 
of the present paper is to describe in this picture the motion of a relativistic 
particle in an external field like the harmonic oscillator potential. 

Our treatment is based on the following assumptions: We will introduce 
the operators Pq = H + H and Pi = P + P instead of H and P, where 
H and P represent the external field in the p or in the p representations. 



in [g mis]. 





[N, P] = i—^H, [P, H] = 0, [H, N] = -i-P 



(5) 
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We make the assumption that only the operators Pq and Pi contain the 
interaction parts. We assume that the equations of the motion of a particle 
in an external field may be written in the form of a direct generalization of 
the equations ([3]), 

iro(t,x)* = Po^, Ki{t,x)^ = Pi^. (6) 

Here, by analogy with for the left-hand side we have introduced operators 
Koitjx) and Ki{,t,x) in terms of the spacetime coordinates t,x. In the 
present paper, taking the practically important example of the harmonic 
oscillator, we shall show that the use of the equations makes it possible 
to give a description of the motion of a relativictic particle in an external 
field. The external field do violate the commutation relations of the Poincare 
algebra ([Pi,Po] 7^ 0). We have the problem of determining observables in 
the GS picture. In the equations the operators on the right-hand side 
are spacetime-independent operators and therefore correspond to constans 
of motion. For the harmonic oscillator we will show that the equations 
induce operators Ko{x), Ki{x) which are related to Killing vectors of the 
AdS space. First we set up the rules which may be used to derive the explicit 
form of the operators Ko{x), Ki{x). Then we study the model of relativistic 
oscillator. We will consider the nonrelativistic limit. 



2 The relativistic problem 

We consider the motion of a relativistic particle in external field which is 
presented by the operators (c(;=frequency) 

H p = p - t—)e Pi p = ^p p - t—)e Ve^p. 7 

2 mc 2c mc 

For the operators on the right-hand side of the Eqs. ([6]) we have 

Po(p) = mc^ cosh( dp) + — -p(p - t — )e-'mc9p^ 8 

mc 2 mc 

pjp) = mc sinh( dp) H pip - i — )e"*^^''. (9) 

mc 2c mc 

The realization of the operators Pq and Pi in the momentum representation 
given in appendix A. 
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In the nonrelativistic limit the operators -Po(p) — mc^ and -Pi(p) assume 
the form 

2m op^ 2 op 
The operators Po{p), A(p) and p satisfy the commutation relations 

[p, A] = ^^Po, [A, A] = -tnmuj'p, [A, p] = A. (n) 

The Casimir operator is a multiple of the identity operator J, 

Let us examine the restrictions imposed on the operators KQ{t, x) and Ki (t, x) 
by the equations 

iro(t, x)^{p; t, x) = A(p)^(p; t, x), (13) 

i^i(t,x)^(p;t,x) = A(p)^'(p;t,x), (14) 

and the commutations rules f|TT]) . We multiply the equation f|T3l) from the left 
by the operator A(p), the equation (HM from the left by A(p) and substract 
the two resulting equations one from the other. Bearing in mind that 

[P,{p),Ko{t,x)]=0, [Po{p),K,{t,x)]=0, (15) 

we find 

[K,{t, x), K,{t, x)]<il = -[A(p), A(p)]^, (16) 

or 

[Ki{t,x),Ko{t,x)]'^ = iUmuj'^p^. (17) 
In the following we introduce the operator 

K{t,x) = -l—[K,{t,x),K^{t,x)] (18) 

for which we have 

K{t,x)^{p-t,x)= p^{p-Xx). (19) 

Eqs. ([T6D and 

[K^,K]^ = -[A,p]^, [K,K^]^ = -[p, A]^ (20) 



4 



states that the equations (fT5]) . (fn|) and (HM induce operators KQ(t,x), 
Ki(t,x) and K(t,x) with the same commutation rules as -Po(p), A(p) and 
p, except for the minus sign on the right-hand side 

[K, K,] = -t^Ko, [K,, Ko] = thmu^K, [K^, K] = i-K^. (21) 

Note that if at first we introduce for the operators -Po(p)) A(p) and p com- 
mutation relations like (12T]) . then for Kq, Ki and K we must introduce 
commutation relations like ( ITTj) . This can be made by replacing Pi by -Pi 
and Ki by -ii'i, respectively. 

For the Casimir operators (IT^ and 

X) = ^{i^o^ - c^Kl} - (22) 

we have the equation 

C{t,x)^{p;t,x) = C{p)^{p;t,x). (23) 

The operators A''i = mcK/h, N2 = cKi/hu, N3 = Ko/hu satisfy the 
commutation relations of the noncompact Lie algebra 5*0(2, 1), 

[iVi, N2] = -ziVa, [iV2, iVs] = ziVi, [iV3, N^] = iN^. (24) 

In the representations in which A^^i or N2 is diagonal, their eigenvalue spec- 
trum is continuous. We are interested in a representation in which N^^ is diag- 
onal. In this case the eigenvalue spectrum of is discrete for an irreducible 
representation and has the form of — a + n (n = 0, 1, 2, ...), where the 
number a is related to eigenvalues of the Casimir operator C^a{a + 1). For 
the unitary representations {D^ - series), —a = 1/2, 1, 3/2, 2, 5/2, ... It follows 
from dn]) and ([23]) that -a = 1/2 + y^l/4 + (mcVM^- The cases -a = 1/2 
and —a = 1 must be rejected. For the cases —a = uq = 3/2, 2, 5/2,.. we have 
KQ^hu{n + 1/2 + fi), where p = y^l/4 + {mc^/huy. 

Similarly, putting A^i = ^p, N2 = -cPi/hu, N3 = Po/hu, we find that 
in the representation in which the operator Po(p) is diagonal its spectrum is 
En^fj^ = huj{n+l/2+p). For mc^/hu » 1/2 we have ^ hu}{n+l/2)+mc^. 

For convenience, in the text below, we omit explicit mention of the num- 
ber no (except of Eqs. (I43l)-(l44l)). In the functions \E'(p;t,x) the index uq is 
implied. 
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The explicit form of the operators Ko{t,x), K(t,x) and Ki{t,x) depends 
on the reahsation in terms of the spacetime coordinates. In order to interpret 
the operator Po{p) as Hamilton operator, we choose the following realisation 

Ko = th^, (25) 
X cos ut . „ 1 



K(t,x) = , ^ihdt H \ I + ((jjx/cy sin utUfidx), (26) 

mc^^l + {ux/cf mu^ ^ ' ' 

Ki{t, x) = Jl + {ujx/cY cos ujt{iWx) - ^27) 

^1 + {lox/cY 

We have the equation 

ih^^^{p-t,x) = P^{p)^{p-t,x) (28) 

which defines the operator -Po(p) as Hamilton operator. The operators (|25|) - 
fl27|) are related to Killing vectors of the AdS space with metric 



ds" = (1 + "^y^de ^-^dx\ (29) 



A general solution of \E'(p;t,a;) can be written as a sum of separated 
solutions 

oo 

^(p;t,x) = ^t;„(p)/„(t,x), (30) 

n.=0 

d 

i^-Q^Vnip)fn{t, X) = Po{p)Vn{p)fnit, x), (31) 

where u„(p) are the eigenfunctions of the Hamilton operator -Po(p) and fn{t, x) 
are the eigenfunctions of the operator Kq and the Casimir operator C{t,x). 
In the following we express the functions Vn{p)fn{t,x) in terms of the oper- 
ators (r = ut, y = ux/c, I = c/uj) 

(32) 

and the functions 
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The functions vo{p) and /o(t, |/) satisfy the equations 

A-{p)vo{p) = 0, K'{T,y)fo{T,y) = 0, (35) 

where 

(36) 

Using the operators A'^(p) and K^{T,y) we can construct a system of 
normahzed functions {h — \[^^) 

v^{p) = P^{A+rvo{p), fn{r,y) = Pn{K+rUr,y) (37) 

where 

/3„ = 6 



+ (38) 



^ n!r(n + 2/i + !)■ 

The exphcit form of the functions Vn{p) and fn{T,y), (ri=l,2,3... .) are given 
in appendix B. 

For the functions 0„(p, r, y) — Vn{p)fniT, y) we have the relations 

A-K-(j)n{p, r, y) = gl(f)n-i{p, r, y), (39) 
^+X+(/.„(p, T, y) = ^^+i(/.„+i(p, T, y), (40) 



where Qn = h^n{n + 2/x). 
Additionaly, 

>l+*(p; x) = K-'^{p] t, x), A-*(p; x) = X+*(p; x). (41) 
For the propagator we have the expression 

oo 

n=0 

To conclude this section we make the following remarks. The expression 
for the energy levels En,^, = hu){n + 1/2 + p) can be written in the form 

2 

fnc 

En,no ^huj{n + no) = , ={n + no). (43) 

^Jno{no - 1) 
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This shows that the oscillator frequency is discrete and for higher uq decreases 



u = (44) 
hyJno{no - 1) 

The set of numbers uq is infinite. For no — )■ oo one has a; — 0. For 
the energy levels Eq ^k^^oo^^c^- There is no zero-point energy. We cannot 
introduce the notion of a ground state like the ground state of nonrelativistic 
oscillator in quantum mechanics. 



For the AdS radius I = c/u we have I = hJno{no — l)/mc 



3 The nonrelativistic problem 

Let us now consider the nonrelativistic limit. In this limit the operators (11 Op 
and p satisfy the commutation relations 

[P, Anr] = [Plnr.hnr] = -ihuiu'^p, [pQnr, p] = — Anr- (45) 

m 

In the operators K{t,x) and Ki(t,x) we replace the operator ihdt by mc^ 
and assume that {ux/c)"^ < 1. In this case the operators 

d 1 

Konrit^x) = KqII^x) = ih — , Knr(t,x) = XCOSUjt-\ Slli Ut Ukd r^) , 

at moj 

(46) 

Kinr(t,x) = —xmu smut + COS ut{ihdx), (47) 

satisfy the same commutation rules as fH5|) except for the minus sign on the 
right-hand side 

h 

[Knr.Kin,] = -ih, [Kinr^Ko] = iUmUj'^ K nr , [Kq^Kut] = i — Ki^r- (48) 

For the Casimir relation we have 

cut, x) = Ko- —Kl^, - -^Kl = ih- - H{x), (49) 

where the operator H{x) have the form of the harmonic-oscillator Hamilton 
operator in quantum mechanics, 
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In the nonrelativistic limit the operators A^lp), K'^{t, x) and A (p), K {t, x) 
go over into the operators (p = \f^P^ ^ — \f^^) 

= A;+(i,x) = e— (51) 



and 



«-(p) = ^{P+^}, k-{t,x) = e^-'^{x + d^}, (52) 



respectively. The Hamilton operator Ponr(p) the GS picture have the same 
form as the operator H{x). Therefore, for the spectrum of Ponr(p) we have 
En — hw{n-\-l/2). The function ^(p; t, x)nr in the equation of state 

d 

ih — '^{p; t, X)nr = Po(p)nr*(p; t, x)nr, (53) 

can be written as a sum of separated solutions Wn{p)un{t, x) 

ih-Q^Wn{p)Un{t, X) = Po^^{p)Wn{p)Un{t, x), (54) 

where ^ 

Wn{p}un{t,x) = —{a+)''{k+)''wo{p)uo{t,x). (55) 

Here, the functions (A^o = {mu/nhy^'^) 

woip) = 7Voe-^'/^ Uo{t, S) = Noe-'^e-^'/' (56) 
satisfy the equations 

a~WQ{p) = 0, k~Uo{t,x) = 0. (57) 

As a result we have 

Wn{p)un{t,S) = Nr,e-^/^Hn{p)N^e-'^e-^"/^Hn{S), (58) 

oo 

*(p; t, X)nr = J2 Wn{p)Un{t, x), (59) 
n=0 

where 

Unit, x) = N^e-'^e-^^'/^Hnix) (60) 
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are the well-known harmonic-oscillator wave functions in quantum mechan- 
ics. 

For the propagator we have the expression 



In accordance with the interpretation of propagators in the GS picture which 
was proposed in [14J the propagators /C(2, 1) and /C(2, l)nr describe extended 
relativistic and nonrelativistic harmonic oscillator, respectively. 

4 Conclusion 

In this paper we have shown that the generalized Schrodinger (GS) picture 
may be used to describe the motion of a relativistic particle in an external 
field. For the harmonic oscillator potential we found that the spacetime 
independent operators in the equations of states induce in a natural way 
the operators which are related to Killing vectors of the AdS space. The 
problem of determining the Hamilton operator of the particle in the external 
field based on choosing the coordinate system in this space. We found that 
the oscillator frequency and the AdS radius are discrete. We have shown that 
in the relativistic region there is no zero-point energy. We have constructed 
propagators which describe extended relativistic and nonrelativistic harmonic 
oscillators in the GS picture. 



oo 



/C(2, l)nr = Wn{p2)Un{t2, X2)ui* (pi )< (tl , a;i) . 



(61) 



n=0 



5 Appendix A 



In the momentum representation 



Po = mc^coshx, p = mcsinhx, X = ~ lii[(Po — cp)/mc^] 



(62) 



the operators Pq and Pi are 



Poix) = mc^[coshx- ^(^)^e^{x^ + x"}], 

2 mc^ dv"^ CLY 



(63) 



Piix) = mc[sinhx - 7;i—^f^^{^ + 

2 mc^ ciY^ ay 



(64) 
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These operators satisfy the commutation relations 



[N{x),Pi{x)] = ^ A^o(x), [A(x),Po(x)] = -thmoo^Nix), (65) 



where 



N{x) = I 



h d 

mc dx 



(66) 



(67) 



The eigenfunctions of the operator Po{x) be constructed with the help 
of the transformation of the Lorentz group ([2]). 

6 Appendix B 

The functions Vn{p) in ( 1371) are (i/ = /i + 1/2) 

Vnip) = c„(^)-^"^r(z. - ^!I^p),F,{-n, v + ^^p; 2v- 2), (68) 



where 



J, mcr(2z/ + n) 
= ' ^ ^ 27in\h[T{2u)]^- ^^^^ 

The functions /n(t, x) in (1371) may be written in the form (A^ = fi + l/2 + n) 



E„t ,^ iJ^X^ \r. 



/„(t,x)=e-^— (1 + ^) 



_ r(2/x + i)r(p + i) 

& ' ^ \ n!r(2/i + 1 + n)/y?r(/i) 



^n(a;). (70) 



Here, for the polynomials Qn we have the relations (/ = c/w, y = x/l, Qoiy) = 

(71) 



1, n = 1,2,3... 



Qn{y) = [2Xn-iy - (1 + y'^)dy]gn-i{y). 
For n = 1, 2, 3 we have 

f?i(y) = 2\oy, 02{y) = 2Ao[(2Ao + l)y^ - 1] 
^3(y)=4Ao(Ao + l)i/[(2Ao + l)i/'-3]. 



(72) 
(73) 
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